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1. Introduction 

The AdS/CFT correspondence asserts an exact duality between a ten-dimensional type IIB 
superstring theory on AdS^ x S 5 background and N = 4 supersymmetric Yang-Mills theory 
in flat four dimensional Minkowski spacetime |l|, ^ Though it has many spectacular 
successes, it is still a conjecture and it is not yet clear whether it is an exact correspondence, 
or is only valid in some limits of the two theories. Given its potential importance as a 
quantitative tool for strongly coupled gauge and string theory, it is important to check it 
wherever possible. 

AdS/CFT is a strong coupling - weak coupling duality. This makes it powerful, as it 
can be used to compute the strong coupling limit of either theory using the weak coupling 
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limit of the other. On the other hand, it makes it difficult to check since it is not easy 
to find situations where approximate computations in both theories have an overlapping 
domain of validity. Early exceptions to this were some quantities which were protected 
by supersymmetry and didn't depend on the coupling constant at all [Q], or quantities 
determined by anomalies which had a trivial dependence (5|, |(| and a few others related 
to circular Wilson loops |7|, ||, pi, [K| which had a nontrivial dependence on the coupling 
constant and which could be computed for all values of the coupling. 

More recently it has been realized that some large quantum number limits yield do- 
mains where accurate computations in both gauge theory and string theory could be done 
and compared directly with each other. The first and most powerful of these is the BMN 
limit. It began with the observation |11, 12] that the Penrose limit of the AdS§ x S 5 met- 
ric and 5-form field strength of the string background are the maximally supersymmetric 
pp-wave metric and a constant self-dual 5-form 



ds 2 = -4dx + dx + dx i dx i - ^^(x 1 ) 2 dx + dx + 

i=l i=l 

-F+1234 = -F+5678 = Const. 



(1.1) 

(1.2) 



respectively. Then Metsaev [13] found an exact solution of the non-interacting type IIB 
Green-Schwarz string in the background ( |l.l[) and ( |l.2|) . Shortly afterward, Berenstein, 



Maldacena and Nastase (BMN) [14] noted that one could take a similar limit of J\f = 
4 supersymmetric Yang-Mills theory by considering states with large R-charge. They 
identified the Yang-Mills operators (called BMN operators) corresponding to the free string 
states on the pp-wave background. 

The AdS/CFT correspondence predicts that the spectrum of scaling dimensions and 



charges under R-symmetry of these operators in the 't Hooft planar limit [15] of Yang- 
Mills theory should match the free string spectrum. The leading order Yang-Mills theory 



computation in ref.[14] and a two loop calculation in ref.[16] showed beautiful agreement. 

Non-planar corrections to the spectrum of operators in Yang-Mills theory should cor- 
respond to string loop corrections in string theory. The question of non-planar corrections 
to the spectrum of BMN operators was considered in refs.|17] and [18]. It was found that, 



once operator mixing by non-planar graphs was resolved [19, 2C, 21|, Yang-Mills theory 
could be used to make predictions for the spectrum of string states on the pp-wave back- 
ground. There are still ongoing attempts to check these predictions on the string side of 
the correspondence using light-cone string field theory p2^, 



24 



Success or failure of this matching would be a highly nontrivial test of the AdS/CFT cor- 
respondence at the level of interacting strings. There have also been interesting non trivial 



tests of the AdS/CFT correspondence in the BMN limit at finite temperature [32]. 

In this paper, we shall discuss a generalization of the BMN limit that was found by 
Mukhi, Rangamani and Verlinde [jslf l. They showed that a certain limit of an orbifold of 
AdS<j x S 5 gives the plane- wave geometry (|1.1|) and (L2) with the additional feature that 
the null coordinate x~ is identified periodically x~ ~ + 2irR~ . The result is a discrete 
light-cone quantized string theory on the plane wave background. This is a generalization 
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of the BMN limit where the light-cone momentum is discrete and there are wrapped states. 
The gauge theory which is dual to the orbifolded string theory is an J\f = 2 superconformal 
Yang- Mills theory. The operators of Yang-Mills theory which are dual to the string states 
were identified in ref.|33[]. Some checks that loop diagrams in planar Yang-Mills theory 
reproduce the correct spectrum and a number of generalizations to other types of orbifolds 
and limits to obtain other compactifications of the pp-wave were considered in ref.[34]. 

We shall study non-planar corrections to the spectrum of the operators in the j\f = 2 
supersymmetric Yang-Mills theory which are dual to single and multi-string states. Our 
main observation is that, the existence of a positive definite, discrete light-cone momentum 
greatly simplifies the operator mixing problem. In Yang-Mills theory, string interactions 
show up in the mixing by non-planar diagrams of single trace and multi-trace operators, 
the counterparts of single and multi-string states. Since, in the case that we shall consider, 
the light-cone momentum must be conserved and is discrete and positive, the number 
of operators with different traces which can mix at any level turns out to be finite and 
diagonalizing their mixing exactly is a finite problem. We use this observation to give 
some examples where the contribution of all orders in non-planar diagrams can be found 
analytically. On the string side, this corresponds to finding the spectrum of a string state 
to all orders in string loop corrections (and, since we are doing Yang-Mills perturbation 
theory, to leading orders in world-sheet momenta). 



In the next Section, we fix the notation and give a brief review of ref . 1 33 1 



2. Preliminaries 

In this Section, we will first describe the gauge and string theories which are dual to each 
other. Then we will discuss the Penrose limit of the string theory and the equivalent 
double scaling limit of the gauge theory. We will discuss the holographic dictionary of 
non-interacting string theory states and single trace operators in the gauge theory. 



2.1 M = 2 from M = 4 

The four-dimensional j\f = 2 supersymmetric Yang-Mills theory that we are interested in 



can be obtained from its parent j\f = 4 theory by an orbifold projection 36]. We begin 
with j\f = 4 with a U[MN) gauge group. The orbifold group will be the cyclic group Zm 
whose generator 7 acts on the six scalar fields of N = 4 theory as 



7 = 



i 1 + id) 2 



b 3 + id) 4 



V2 



V2 



6 5 + id) 6 

~7T 



i 1 + icf 2 



^ + i(f) A 



V2 



V2 



V2 



2-rri 

x — — . -x ' — — . = — I . uj = e M 

(2.1) 

At the same time, this transformation is embedded into the gauge group as the group 
element 

/l ... \ 



u; 

uj 2 



\0 







AT-1 



(2.2) 



-3- 



(2.3) 



where each block of this N x N matrix is tensored with the M x M unit matrix. Then, 
some components of the MN x MN matrix fields are set to zero so that the equation 

* =5(7 = ^)5 f 

is satisfied, for all fields \P of the N = 4 theory. The resulting J\f = 2 theory has residual 
R-symmetry U(l) x SU(2) and gauge group 

17(JV)W x U(N) {2) x •••[/(iV)( M ). 

[/(A0 (M+1) is identified with U(N) (1 \ 

The resulting field content is as follows: 

• M vector multiplets 

(>V S ^j, V>*j) , I = 1,...,M. 

is a complex scalar field and the Weyl fermion ip^j is its superpartner. Aj is 
the gauge field and ipj is the gaugino. All of these fields transform in the adjoint 
representation of U{N)^\ 

• M bi-fundamental hypermultiplets which, in J\f = 1 notation, are 

(A i ,B i ,xai,Xbi) (2.5) 

The complex scalar field A/ and its super-partner ipAj transform in the (iVj, iVj+i) 
representation of C/(JV)W x [7(A0 (/+1) . The pair Bj and xrt transform in the complex 
conjugate representation (JVj, iVj.fi). 

The N = 2 action can be found from the M = 4 theory. The Euclidean Lagrangian 
density of J\f = 4 is 



(2.4) 



9ym 



TR 



i<j 



h 1 AJ 



} + VT^D^ + *r[^, *] (2.6) 



1 



All fields are MiV x MN matrices. With the notation 

A = -^=(0 1 +i0 2 ) , B = -L(0 3 + # 4 ) , - ^_ 

the elements of the bosonic fields which survive the projection ( |2.2| ) are 
/$i ••• \ 



$2 

V 







*m7 



A, 



(AyX 

A^2 
V 



5 + i<* 6 ) 



\ 




A m m / 



and 



/ 


Ai 


• 





\ 




f ° 


• 





Bm \ 








A 2 • 









Si 


• 


















B = 





B 2 ■ 














• 


• A M _ 


-1 












\Au 





• 





/ 




V 


• 


• Bm-i 


/ 



(2.7) 



(2. 



(2.9) 
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Each non- vanishing entry of the above matrices is an N x N matrix and corresponds to a 
bosonic field of the N = 2 theory. 

The N = 4 spinor ^ contains four different complex Weyl spinors XAjXBjV'* an d ip 
so that, with the definition in (2/7) xa, Xb and ift& are the superpartners of A, B and 
respectively, and ip is the gaugino. Then 



(fox 

^$2 

V 



o \ 


i><s>M ) 



^ 2 

V 



o \ 




(2.10) 



and 





f ° 


XAl 


••• 


o \ 




/ 


















XA2 ■■■ 







XBX 










XA 










XB 





XB2 ■ 













••• 


XAM-1 














V Xam 





••• 


o / 




V o 







• Xbm 


A n element of the residual gauge £ 


^roup is 


















u = 


/[/(I) o ••• 
f ^ ••• 




















^ 





v m) 







Xbm \ 





o / 
(2.11) 



and acts on all of the above matrices by conjugation, M 
additional terms for the gauge field). 
The action for scalar fields is 



(2.12) 

UMU^ (with appropriate 



1 M ( 1 \ 

Scalar = ~~ 2" TT Yl TR D^AjD^Aj + D, l B I D^B I + -D^D^j )+C D +C F (2.13) 
9ym m i=1 V ^ / 



where the interaction i* 1 - and D-terms can be gotten from 



-^TR([A,A] + [B,B] + [<!>, *]) 2 , 
^TB.(|[A,B]| 2 + |[A I *]| 8 + ||B,*]| 2 ' 



9ym 



(2.14) 
(2.15) 



The factor of 1/M is the order of the orbifold group and it comes from the orbifold 
projection. 

2.2 IIB String on AdS 5 x S 5 /Z M 

The N = 2 theory is the holographic dual of IIB string theory with background the orbifold 
AdS§ x S 5 /Z^ and with MN units of Ramond-Ramond 5-form flux through the 5-sphere. 
Since the 5-sphere contains M copies of a fundamental domain that are identified by the 
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orbifold group, there are N units of flux per fundamental domain. The action of the 
orbifold group is obtained by embedding the 5-sphere in R 6 ~ C 3 so that 



En 2 = ^ 2 



\Zi\ = P 2 

i=l 

i3 



where (zi,Z2,z 3 ) 6 C 3 and then identifying points as prescribed in ( |2.1| ): 

(z 1 ,z 2 ,z 3 )~(uz l ,u;- 1 z 2 ,z 3 ) . u = e 2 ^ M (2.16) 

The radii of AdS§ and S 5 are equal and are given by 

R 2 = yjAng s a' 2 NM , (2.17) 

where g s is the type IIB string coupling. Furthermore, the Yang-Mills theory coupling 
constant of the parent M = 4 theory is identified with the coupling constant of the parent 
superstring theory on AdS§ x S 5 , 

^9s = 9ym (2-18) 

2.3 Double Scaling limit 

We shall consider the double scaling limit of both the gauge theory and its string theory 
dual. The double scaling limit of the string theory is the Penrose limit which obtains the 
pp-wave background. The radii of AdS§ and S 5 , given by R in ( [2.17j) , are put to infinity by 
scaling both N and M to infinity while keeping g s small but finite. The parameter which 
will become the null compactification radius, R~ = is also held fixed in the limit by 
keeping the ratio |r fixed. 

The metric of AdS§ x S 5 /Zm can be written as: 



ds 2 = R 2 



OOO 00 

cosh pdt + dp + sinh p d£l 3 + 



da 2 + sin 2 a d6 2 + cos 2 a (d"f 2 + cos 2 7 dx 2 + sin 2 7 d<p 2 ) 



(2.19) 



The angles of S 5 are related to the complex coordinates of C 3 /Zm by 

z\ = iicos a cos 7 e lx , z 2 = R cos a sin 7 e 1 ^ , z 3 = Rsmae t0 (2.20) 



In terms of the angles of S 5 the orbifold described by the action ( 2.16] ) is obtained by the 
identifications 

2-7T 2tt 

(kr^A) . (2.21) 

M M V ' 

To take the Penrose limit it is useful to introduce the coordinates 

r = pR, w = aR, y = jR . (2.22) 

and the light-cone coordinates 

x + = ±(t + X ),x- = ^(t- X ) ■ (2.23) 
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After taking the R —* oo limit and renaming some coordinates, the metric becomes [37| 



8 8 

d s 2 = -4dx + dx- - ^(z*) 2 dx +2 + E dx ' 2 . ( 2 - 24 ) 



i=l i=l 
In the geometry ( p. 24 ) there is also a Ramond-Ramond flux 



-F+1234 = F +5678 = const . (2.25) 
So far, with the rescaling ( p. 22 ) and ( |2.23| ) the only limit that we have taken to obtain 



( 2.24 ) is that of large R. The orbifold identification ( 2.21 ) implies that the light-cone 



coordinates have the periodicity 

X rvj X -4- 

^ 2 

• x ~ ~ x ~ + ~W ' (2 - 26) 

In the double scaling limit, as R is taken large, M is also taken large so that R~ = is 
held fixed. In the limit 

(x + , x~) ~ (x + , x" + 2irR~) (2.27) 

The periodic direction becomes null. As a consequence the corresponding light-cone mo- 
mentum 2p + is quantized in units of 

The conclusion is that the Penrose limit of AdS^ x S 5 /Za/ with M — » oo in this 
particular way leads to a Discrete Light-Cone Quantization (DLCQ) of the string on a 
pp-wave background, in which the null coordinate x~ is periodic. Note that the orbifold 
of the 5-sphere preserves half of the supersymmetries of the original AdS§ x S 5 solution of 
string theory. Nonetheless, in the Penrose limit, we recover the maximally supersymmetric 
plane-wave background. 

Discrete light-cone quantization of the string on the pp-wave background is a slight 
generalization of ref.[jl3|]. One component of the light-cone momentum is quantized as 

2p+ = A ; k =1,2,3,... (2.28) 
The other component is the light-cone-gauge Hamiltonian, 



2/'"" >. I N N " ■ I \ ' + 4n ^ )2 



oo 

E 

n=— oo 


\i=l 


+ E 

a=l 


oo 






E 

71= — OO 


[E4< 
Vi=i 


+ E 6 " t6 

a=l 




4Trq s N n 2 

1 + -s-f < 2 - 29 ' 

n=— oo \i=l a=l / 

where a^, a„ and 6", 6°^ are the annihilation and creation operators for the discrete bosonic 
and fermionic transverse oscillations of the string, respectively. They obey the (anti-) 
commutation relation 



a 1 a jt 

u ni ) "rtj 



h%- , {K.Xl} = 6 a ^n inj (2.30) 
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In the last line of eqn.( |2.29| ) we have written the compactification radius in terms of string 
background parameters. 

There are also wrapped states. If the total number of times that the closed string 
wraps the compact null direction is m, the level-matching condition is 

00/8 8 \ 

km = E n E^ + E^ 6 " > ( 2 " 31 ) 

n=— 00 \i=l o=l / 

States of the string are characterized by their discrete light-cone momentum k and 
their wrapping number m. The lowest energy state in a given sector is the string sigma 
model vacuum, \k,m) which obeys 

a l n \k, m) = = 6° \k, m) , Vn, i, a 

Other string states are built from the vacuum by acting with transverse oscillators, 

L V 

II bnf\k,m) (2.32) 

The level matching condition reads 

L L' 

rij + riji = km. (2.33) 
3=1 f=i 

2.4 Matching charges 

There are three important quantum numbers that can be matched between the string theory 
and its gauge theory dual. One is the energy in string theory, which is the quantum operator 
generating a flow along the Killing vector field idt of the background. It corresponds to 
the conformal dimension, A, of operators in the gauge theory. 

The others are U(l) charges. Two are particularly important to us. One is J' which 
generates a U(l) which is in the SU(2) subgroup of the R-symmetry 

A SA , B e l ^B , < f < 2vr 

J' which has integer eigenvalues. In the orbifold geometry, it corresponds to the Killing 
vector J' = — I (d x + 3^). There is an additional U(l) which is not part of the R-symmetry 

A -» e iC A , B -» e'^B , < C < 2vr/Af 

The domain of the angle £ is reduced from 2tt to 2ir/M by the orbifold identification. This 
U(l) is generated by J whose eigenvalues are integer multiples of M. In order to normalize 
it more conveniently, we rename it MJ where J has integer eigenvalues. On the orbifold 
geometry, it corresponds to the Killing vector J = — (d x — d^). 
In summary, charges and Killing vectors are related by 

A = idt ' J = -jM {dx ~ d ^ ' J ' = -\^ + d <t>) 
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MJ 


J' 


2p - 


Ai 


1 


1 

2 


1 

2 





Bi 


1 


1 

2 


1 
2 


1 


$ 7 


1 
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XAi 


3 
2 


1 

2 





1 


XBI 


3 
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1 
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foj 


3 
2 





1 
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2 


Ipl 


3 
2 





1 

2 


2 



Tabic 1: Dimensions and charges for 
chiral fields and gauginos 
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MJ 


J' 
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Bi 
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1 


$/ 


1 
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Xai 


3 
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Xbi 


3 
2 


1 
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3 
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1 
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Table 2: Dimensions and charges for 
complex conjugate fields 



We can then recall the combinations of x, <p and t which were used to form the light-cone 
coordinates x + and x~ of the pp-wave geometry to deduce the light-cone momenta 

2p- = i(d t + d x ) = A-MJ-J' 

2p + = j «z£> = A + ^ + J ' . (2.34) 

These are the light-cone momenta of string states. We will focus on those states of the 
gauge theory where these quantum numbers remain finite in the double scaling limit. It will 
be easy to see that 2p + will turn out to be quantized appropriately in units of integers/2i?~ 
and the values of 2p~ which we find in the gauge theory will be compared to the spectrum 
of the string light-cone Hamiltonian. 

The BPS condition A > \MJ + J'\ implies that keeping 2p + and 2p~ finite as R, M — > 
oo will clearly only be possible when both A and MJ + J' diverge with their difference, 
A — (MJ + J'), remaining finite. 

The charges of gauge theory operators are obtained as follows. By convention, the 
U(l) transformation is generated by e AmJ so the Aj and Bj fields that make up the hy- 
permultiplets have fractional charge under J, ^jj an d — respectively. The operator J' 
generates a U(l) symmetry contained in the SU(2)r factor of the R-symmetry. Under this 
U(l) C SU(2)r, the fields are neutral. On the other hand, the scalars Aj,Bj in the 
hypermultiplets both have charge \ under J'. Complex conjugation and supersymmetry 
give the remaining charge assignments, for the fermions and all the conjugate fields. 

The dimension and charge assignments, along with the 2p~ values, are summarized 
in Tables 1 and 2. In Table 1, Ai,Bj refer to the scalar components of the M = 1 chiral 
superfields that form the N = 2 hypermultiplets. XA^XBi are their fermionic partners. 

are the complex scalars in the vector multiplet, while -0*/ are their fermionic partners. 
Finally, ■0/ are the gauginos in the theory. Table 2 lists the complex conjugate fields. 
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2.5 The holographic dictionary 

In order to identify states in the N = 2 gauge theory with finite values of light-cone 



momenta, as given in ( 2.34 ), we first find the appropriate quantum numbers of the field 
operators. These are tabulated in Table 1 and Table 2. We see that only the fields Aj 
carry vanishing 2p~ . By matching quantum numbers, we see that the string state \k, > 
corresponds to the gauge invariant composite operator 

|M) <- TR((A 1 (x)A 2 (x)...A M (x)) k 



We have indicated the x-dependence of the composite operator. In the following, where 
from the context it is obvious, we will omit it. Because Aj(x) transforms in the bi- 
fundamental representation of the gauge group, we are required to form the chains A\ . . .Am 
to obtain a gauge invariant operator. This chain can be repeated k times. The conformal 
dimension of this composite operator is protected by supersymmetry. This protection is 
inherited from the parent N = 4 theory. Thus, its exact conformal dimension is A = km 
and its exact spectrum is therefore p~ = 0. 

We have chosen to use a one-trace operator to represent the single string state. In- 
deed, this choice has some arbitrariness. A more general operator would be any linear 
combination of multi-trace operators, 

0(h,£ 2 ,...) = (TR(A 1 ...A M )f (TR (A x ... A M ) 2 Y 2 ( TR {A x . . . A M f)^ . . . (2.35) 



where 



Operators with different trace structures are not mixed in the planar limit of Yang-Mills 
theory, but non-planar corrections do mix them, though the mixing vanishes in the double 
scaling limit. One natural way to decide which amongst the degenerate states are relevant is 
to diagonalize the inner product (£\, ...\£'i, ...) which one would obtain from the correlation 
function 

(6(x;£ 1 ,£ 2 ,...)0(y-£' l ,£' 2 ,...)) = {x ^ y)2k (h,...\£'i,...) 

However, there is no natural way to decide which of the resulting states is a one-string 
state, two-string state, etc. This is similar to the problem on the string side of trying to 
distinguish the multi-string states 

14,0)® 1*2,0)® |4,o)®... 

which, when ^£i = k, all have the same quantum numbers. At this point, this should 
be regarded as an open problem. Fortunately, we shall find that we do not have to solve 
this problem here since we are interested in the eigenvalues of the Hamiltonian which are 
independent of the basis. We already know that these states are degenerate and have 
eigenvalue 2p~ = 0. 

There are eight states which are created by one bosonic oscillator and eight which 
are created by a fermionic oscillator. These all add one unit to the Hamiltonian, 2p~ . In 
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Yang-Mills theory, they are gotten by inserting an impurity into the A\...Am chains. From 
Tables 1 and 2, we see that four of the bosonic states are gotten by inserting Bj, $/, £?/ or 
The other four are gotten by replacing Aj by a derivative of Aj. For example, a state 
with 2p~ = 1+corrections is 

kM 

(a% + ia%)\k,m) <-» £ e 2A/ / w TR [a x . . . Aj^Aj . . . A M (A x . . . A M )*) (2.36) 

i=i 

We have superposed over positions at which the impurity could be inserted. The momentum 
in the insertion n coincides with the world-sheet momentum of the oscillator state. The 
level matching condition comes from realizing that the actual periodicity of the operator 
is I — ► I + M, rather than I — ► I + kM, which the plane waves anticipate. This requires 
that n = km, where m is an integer. This is the level matching condition. The integer m 
is identified with the wrapping number of the world-sheet on the compact coordinate. 



The single oscillator state in ( 2.36 ) is no longer a protected operator. Its dimension A 
should get radiative corrections beyond the tree level in Yang-Mills theory, even for planar 
diagrams. In fact, it must get such corrections if it is to match the string spectrum, 



*--v i+ %h£ < 2 ' 37 > 

for planar diagrams. Indeed, we shall see in the following that it produces this spectrum 
to one order in g\ M - We will also learn that this operator is quasi-protected in that, in 



the double scaling limit, all non-planar corrections to (2.37) vanish. Our Yang-Mills 
computation predicts that the spectrum of this state in string theory does not 
receive string loop corrections. 



Here, one might wonder why, rather than ( 2.36j ) we couldn't insert one impurity into 



a multi-trace operator. Indeed, when k > 1 there are multi-trace operators which have 
the same k and m and which non-planar diagrams mix with ( |2.36| ). Moreover, since this 
mixing vanishes in the double scaling limit, all such operators with the same m and k are 
exactly degenerate. Again, one could choose a special basis by diagonalizing their inner 
product, but we shall not have to do this, as here we are interested only in questions about 
the spectrum which are basis independent. 

The winding state with two impurities which corresponds to two oscillator states and 
have energies 2p~ = 2+corrections reads 

kM 

TR \A X ... Aj-x^jAj . . . Aj.^jAj . . . Am {A\ . . . A M ) k - l \ e 2m ^^~ (2.38) 

i,j=i 

Here, the world-sheet momenta are n\ and n<i. Also, note that the state is periodic under 
translating both / and J by M. This leads to the quantization condition n\ + n<i = km. 
We interpret this as the level matching condition and m is the winding number. 

In most of the above discussion, we have focused on the oscillators constructed out of 
<I>. However, it is straightforward to see that similar expressions hold for the remaining 
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oscillators, with suitably replaced by the other type of impurities or one of the fermionic 
fields. 



3. Spectrum of Strings from Yang-Mills Theory 

It is by now well known that composite operators made from gauge invariant products of 
adjoint (and in our case bi-fundamental) fields, have some special properties. For example, 
consider a composite made from the scalar fields of M = 4 supersymmetric Yang-Mills 
theory, 

TR(c^V 2 ...<^) 

In four space-time dimensions, the engineering dimension of a scalar field is one and there- 
fore, for all choices of the indices, ii, . . . , ty, the composite operators above have the same 
tree level dimension. 

Of course, at the quantum level, when radiative corrections are taken into account, 
the degeneracy between such operators can be lifted. Generally, loop corrections can be 
separated into two different kinds. One type are "flavor blind", they do not distinguish 
between the different flavors, labelled by indices i\, . . . ,ik, but only proceed through the 
fact that the fields carry charges which couple to the gauge field. These corrections provide 
the same overall constant shift in the spectrum of all of the operators and do not resolve 
the degeneracy between them. In theories with enough supersymmetry, these corrections 
can cancel identically. This is indeed the case in the parent M = 4 theory and in the 
J\f = 2 theory of interest. An example of interactions which contribute to these radiative 
corrections are the scalar four-point couplings in the D-terms in ( p. 14 ). When combined 



with gauge field loops, the interactions from D-terms cancel identically. 

The other kind of radiative corrections do distinguish between different flavors. They 
can split the tree level degeneracy of conformal dimensions. A well-known example occurs 
in the M = 4 gauge theory where the F-terms couple the tree level degenerate operators 



and act effectively like the integrable Hamiltonian for an SO(6) spin chain [38]. Again, in 
the example of interest to us, the J\f = 2 theory, the F-terms ( |2.15| ) in the scalar four-point 
couplings also split the spectrum of conformal dimensions. It can be shown that they 
account for the entire radiative correction to one loop order for the conformal dimensions 
of products of scalar fields that we shall consider here. The contribution is analyzed in 
Appendix A. 

Just as in J\f = 4 supersymmetric Yang-Mills theory [39, 40], the computation of 
anomalous dimensions is elegantly summarized by the action of an effective Hamiltonian. 
In Appendix A we show that the one-loop shift in dimension of all composite operators 
which have a certain property can be summarized by the action on traces of matrices of 
the dilatation operator 

D = ^ TR (AiAi + BjBj + - £ TR [A^j^Aj^j- 

i=i n i=i 

- ^/^/A/^/ + $ I A I $ I+1 A I ] + ... (3.1) 
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The terms with dots contain other matrices such as Bj and Bj and fermions which we will 
not use here. The operatorial property is defined by the Wick contractions 

< [M ab i A Jld) = SijtadSbc , < [Bi] ab [Bj] cd ) Q = 5ij8 ad 5 bc , < [<§/] ab [$j] cd } = SuSadSbc 

An example of a basis of operators (with one impurity and k = 2) is the set of 2M 
elements 

TR {Ax... A I ^ I A I ...A M A l ...A M ) , TR (A\ . . . A I ^iA I ...A M ) TR {A X ...A M ) 

for each value of I = 1, M. To operate on a such basis with D we Wick-contract Aj and 
which occur in D with each of the Aj and <3?/ which occur in the operators, respectively. 
In each case this produces a linear combination of operators in the basis. The first term 
in ([O]) gives the tree level contribution to the conformal dimension and the second term 
gives the one loop correction. 

Generally, there is a basis of operators O a determined by the quantum number k and 
the number and types of impurities and 

DO a = D^Op 

The eigenvectors of the matrix are the scaling operators and the eigenvalues are the 
conformal dimensions. 

One immediate result is that the set of operators of the type ( |2.35|) , since they contain 
only Ai's, do not get corrections at all. They are related to chiral primary operators of 
N = 4 supersymmetric Yang-Mills theory and share that property. For them, D is diagonal 
and its eigenvalue is kM. 

In the next sections we will diagonalize the matrix D a @ for operators with one impurity 
and any value of the discrete light cone momentum (which, as we shall show, do not have 
an anomalous dimension beyond the planar level) and for operators with two impurities 
and the first few values of the discrete light cone momentum k = 1,2,3. Except for k = 1 
the eigenstates of the dilatation matrix will not be eigenstates of the winding number m 
but will be linear combinations of these eigenstates with different values of m. 

The string spectrum can be obtained exactly in the large M limit where the variable 
x = I/M becomes continuous and the action of the Hamiltonian on states is described by 
a simple differential operator whose eigenstates and eigenvalues can be easily found. We 
shall also make some comments on possible extensions of our results to the case of higher 
values of k and a larger number of impurities. 

4. One impurity = one oscillator states 

Let us begin by considering the simplest states, those which have k = 1. With no impurities, 
we already know that this state has 2p~ = 0. With one impurity it is convenient to take 
the linear combination 

M 

O nA = Y,0}uj nI (4.1) 

7=1 
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where 



0} = TR{A X A 2 ■ ■ ■ Aj.^jAj ...A M ) 



(4.2) 



Here oj = e~M~ and since k = 1, the level matching condition, n = mk = m, is trivially 
obeyed when we identify m as both the world-sheet momentum and the wrapping number. 
(|4.2| ) is to be treated as periodic in / with period M. This has been anticipated in the 
Fourier transform (|4.l| ). 

The action of the dilatation operator (3^1) on (4J) is found by performing Wick con- 
tractions. 

d o o nA = (m + i)o n>1 - J2 (o} +1 - 20} + o]_ x ) 



1=1 



ql M MN ( 2-nn 
M + 1 + — 2 | 1 - cos 



8tt 2 



M 



O n A 



(4.3) 



In the large M limit we can expand the cosine up to 0(1/M 2 ). We also recall that, in this 
case 2p~ = D — M to get 



2p- o O nA 



1 + 

2 M 



O 



(4.4) 



N_ — 9 YM N „„„ e nf ; s 



The string theory result is given in ( |2.37 ), expanding it in powers of g, 
that (4.4) provides the exact one loop correction. This confirms the proposed operator-state 
map to this order in expansion in the world-sheet momentum, n. 
Now, consider the case where k = 2. We find that the two states 



o. 



M 

E< 

i=i 

M 

1=1 



,2nimI/M 



{TR(A 1 ...<S> i ...A m A 1 ...A m ) + TR(A 1 ...$ i ...A m )TR(A 1 ...Am)}(4.5) 



,2mmI/M 



{TR(4i...$j...%ii...%) - TR(A 1 ...$ I ...A M )TR(A 1 ...A M )}(4.6) 



are exact eigenstates of the D with eigenvalues 

■2 



DoO^ 
DoO- 



qt M M(N + 1) , 2vrm s 

oLM(JV-l), 27rm, 
2M + l + ^L_i_ kl-cos^; 



H 



(4.7) 
(4.8) 



respectively. 

These eigenstates of the dilatation operator have an interesting form. They are a 
mixture of one-trace and two-trace operators which we would normally associate with one- 
string and two-string states and the mixing does not depend on the coupling constant, so 
does not go away when the coupling constant is made small. 

Further, note that, in the double scaling limit, these eigenvalues are degenerate. This 
means that string loop corrections vanish in this limit and the free string spectrum is exact. 
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What about the case k = 3? In this case there are a number of degenerate states 

M 

Qi = ^ e 2w/M TR ( Al ...<$> I ...A M {A l ...A M f) 



1=1 



M 



Q 2 = Y j e 2wimI/M TR(A 1 ...<S> I ...A M (A 1 ...A M ))TR(A 1 ...A M ) 
1=1 

M 

3 = Y, e 2mm//M TR (A l ...$ I ...A M )TR((A 1 ...A M ) 2 ) 
i=i 

M 

4 = Y,e 27TimI/M TR(A l ...^ I ...A M )TR(A l ...A M )TR(A l ...A M ) 



(4.9) 
(4.10) 
(4.11) 
(4.12) 



i=i 



All operators have the same tree level dimension 3M + 1. Here, k = 3 and m is the total 
wrapping number of each state. Note that the world-sheet momentum in 0\ is n = m/3, 
in 02 is n = m/2 and in O3 and O4 it is n = m. It satisfies the level matching condition 
n = km for single string states in each case if we interpret a single trace as a single trace 
state. Again, eigenvectors of the dilatation operator are found by choosing simple linear 
combinations, 

g 2 YM M(N-l) 



D o (0i + 2 - 3 " 04) = 
D o (20! + 20 2 + 3 + 4 ) = 
D o (0! - 2 + 3 - 4 



3M + 1 + 



4vr 2 



-(1 — cos 



2irm s 



3M + l + ^ M <f + 2 >(l 

47T 2 



M 
27rm N 



cos • 



M 



3M + l + ^< ( f + 1) (l-cos^; 

47T 2 v M 



D o (20! - 202 - 3 + 4 ) 



3M + 1 + 



1 | gf M M(iV-2) (i 



4vr 2 



cos • 



2"7rm N 



(01 + 02 - 3 " 04) 
(20! + 20 2 + 3 + 04) 
(01 - 02 + 3 " 04) 
(20i - 20 2 - 3 + 04) 



Again, we see that the degeneracy is split, but by terms which will vanish in the double 
scaling limit. In that limit, the four states are degenerate again. 

The situation will be similar with any value of k. Generally, the dilatation operator 
mixes operators with different distributions of traces. However, in the case of a single impu- 
rity, is straightforward to show that this mixing vanishes in the double scaling limit. This 
gives the one-impurity state an interesting property, they get Yang-Mills loop corrections 
to all orders in perturbation theory from planar diagrams, but all non-planar diagrams 
vanish. This is interpreted in the string theory as the absence of string loop corrections to 
the free string spectrum. 



5. Two impurities, k — 1 

Let us now consider the string state with two oscillators and one-unit of light cone momen- 
tum k = 1. The gauge theory operators dual to this state can be obtained for example by 
a double insertion of <I> fields into a string of A fields 

0}j = TR(AiA 2 ■ ■ ■ Aj-^jAj ■ ■ ■ Aj.^jAj ■ ■ ■ A M ) (5.1) 
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This is a set of M{M + l)/2 independent operators (2 < J). At tree level, they are 
degenerate, with conformal dimension M + 2. 

The action of the dilatation operator (|3.1|) on the states (|5.1|) is given by 



(23 - 2M - 2) o 0}j = (- (V? + V 2 ,) 0\ 3 - 6jj (Vj - V,) O),) (5.2) 

where we have introduced the forward and backwords shift operators defined by 

v I o}j = o l I+liJ -ojj 

VjOlj = Ojj - 0}_ hJ (5.3) 
respectively. The lattice laplacian with respect to each variable 2 or J is defined as 

VjO} J = 1 I+1 r-20 1 IJ + 0}i J (5.4) 



The second term on the right hand side of eq. Q5.2j ) is a contact term that originates when 
I = J. The problem for finding the spectrum of the operator in (5.2) is treated carefully 



in Appendix B. There, it is found that, in the large M limit, the problem of finding the 
spectrum of the difference operator with 2 < J and the contact term can be replaced by 
simply looking for the spectrum of the difference operator operating on symmetric, doubly 
periodic functions and no contact term. For simplicity, we will implement this procedure 
here. To begin, we define a symmetric function 



Ou 



f TR(A 1 ...<S> I ...<!>j,..A M ) I<J 
\TR(A 1 ...$j..& I ...A M ) 2>J 



Then, we must take the large M limit. 

Introducing the continuous variables x = I/M and y = J/M, and taking M large, x, y 



take values between to 1. Consequently, the continuum limit of equation (5.2) reads 



(2p- - 2) o 0\x,y) = 9 ^ME (_ (flg + flj) _ 5{x _ y) {dx _ dy) ) o\ x ,y) (5.5) 

where 5u — * in the continuum limit and 2p~ = D — M. As anticipated, if we assume 

that 1 (x,y) is symmetric, the last term goes away in the continuum limit. Now, taking 
into account the fact that 0(x,y) is periodic in each variable with period 1, we find 



2p ° O ni n 



2.1 



n | ^9YM^ t 2 i 2\ 



O ni ,n 2 ,l (5-6) 



This result reproduces the requisite string energy spectrum ( |2,31| ) for the case of two 
oscillators up to one loop order. It shows that for k = 1 the operators corresponding 
to winding states with two oscillators are free string states since they get only planar 
corrections to the anomalous dimension. More generally this result holds independently 
on the number and type of impurities one considers since the single trace operator cannot 
be split into multi-trace operators by the action of the effective interaction hamiltonian. 
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6. Two impurities, k = 2 



In this section we will study gauge theory operators with two impurity $ fields that describe 
the string theory sector with discrete light-cone momentum k = 2. The basis of operators 
with two impurities is 

Of} = TR{A 1 A2---A I - 1 * i A i ---Aj- 1 QjAj---A m A 1 ---A m ) , I<J 

Of] = TR(AiA 2 ■ ■ ■ • • • A M A 1 ■ ■ ■ Aj.^jAj ■ ■ ■ A M ) 

Of} 1 = TR(AiA 2 • • • Aj^QjAj • • • Aj.^jAj • • • A M )TR(A 1 ■ • • A M ) , I<J 

0}0) = TR{A X A 2 ■ ■ ■ Aj^jAj • • • A M )TR{A 1 A 2 • • • Aj.^jAj ■ ■ ■ A M ) (6.1) 
Again, there are linear combinations of these operators which are special. For example, 

(D-2M-2)o( ff + Of]) = 9 -h^- (-V? - V 2 , - 5 u (Vj - V,)) (Off + Of]) (6.2) 
It is also periodic in that 

U IM+1 + U IM+l — U u -\- U u 

We show in Appendix B that, in the double scaling limit, this operator with this boundary 
condition has the spectrum 



2p" o [Of] + Of. ']) 



2 + l 9 ^f(nl + nl) 



[OfJ + Of]) (6.3) 



In a similar way, we can see that the combination Of} 1 + OjOj is mixed with the 
other operators, but the mixing vanishes in the double scaling limit. It then obeys the 
same equation with the same boundary condition as Of J + Of] and therefore has the same 
spectrum 

2 P - o (Of} 1 + 0}0)) = [ 2 + {n 2 + nl) j {o cn + i i } (6 4) 

These are half of the allowed states. Recall that the two-oscillator state of the string, 
expanded to the leading order had spectrum 

2 P -=2+I%^((f) 2 + (f) 2 ) + ... , n 1+ „ 2 = 2- integer 

. The latter is the level matching condition. It implies that n\ and n 2 are either both even 
or both odd. In the above, we have found two towers of states where they are both even. 
They could be associated with two string states with k = 2 and two oscillators excited, 
both with even world-sheet momenta. 

Finally, there are two states left. Operator mixing can be diagonalized in the double 
scaling limit by taking the linear combinations 

0+ = Of J - Of] + Of} 1 - OjO 1 (6.5) 
Ojj = Of} - Of] - Of} 1 + OjO 1 (6.6) 
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These have the boundary condition that 

w im+i — w u 

In the double scaling limit, they obey the equations 

(D - 2M — 2) o +(x, y) = (-dl - d 2 - 2^e(x - y)(d x - d y fj + (x, y\6.7) 

(D - 2M - 2) o 0-(x,y) = 9 ™^ N ^ _ Q 2 + _ ^ _ ^ - {x y ^ g) 

We comment that these operators were originally defined only for x < y and with a 
contact interaction. We have used the trick discussed in Appendix B of extending the 
function symmetrically to all x and y so that ± (x,y) = ± (y,x) and cancelling the 
contact interaction. (We can check after we have found a solution that the contact term 
operating on it indeed vanishes.) The boundary conditions are then 

+ (x + l,y) = + (x,y+l) = 0-(x,y) , 0~(x + 1, y) = 0~(x, y + 1) = + (x, y) 

These are compatible with the above equation if we extend the antisymmetric step function 
so that 

e(x) = l , xe (-2,1) , (0,1) , (2,3),... 

e(x) = -l , xG (-1,0) , (1,2) , (3,4),... (6.9) 

Then e(x ± 1) = — e(x). 

It is natural to introduce the center of mass and the relative coordinates R and r 
defined as 

i?=^±l j r = y-x (6.10) 

where < R < 1 and — 1 < r < 1. Then, the variables separate and we can make the 
ansatz 

+ {R,r) = e 27rimR u(r) , C>-(R,r) = e 27TimR v(r) 

where, since the functions should be periodic in R, m is an integer. 
The eigenvalues of the dilatation operator are 

D = 2M + 2 + &M£(\ + 2«>m*) 
where A are eigenvalues obtained by solving the equations 

d 2 r - 2g 2 e(r)d r + ^ u(r) = 

d 2 + 2g 2 e(r)d r + ^ v(r) = (6.11) 

The equation should now be solved with the boundary condition 

u(r + l) = -(-l) m v(r) (6.12) 
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This boundary condition has already been used to set the eigenvalues equal in ( 6.11| ). We 
have also denoted 

i / 

(6.13) 



M 

92 = N 



Consider the equation for the function u(r) (the equation for v(r) is identical with 
92 -> -92) 



{d 2 r - 2g 2 d r + |) u(r) = , r > 
(d r 2 + 2g 2 d r + |) u(r) = , r < 



(6.14) 



The solution of this one dimensional eigenvalue problem is trivial. The solution for positive 
r can be written as 

u(r) + = ae UJ + r + be w ~ r (6.15) 



where u>± = g 2 + 



9\ 



^. For negative r one has 



u(r)_ 



ce 



(6.16) 



where = —52 ± 

By requiring the continuity of the function and its first derivative in r = and the 
continuity of the function in r = 1 we find 



u(r) 



a < 



9l 



92 



9\ 



1+92 



92- 



-92- 



+ 



9 2 2 



+ 92 



92- 



j 9i-h r 



+ 



9\ 



92 



<)2- 



r > 
(6.1.7) 

r < 



where a is a normalization constant that we will keep undetermined. Then we should 
impose the boundary conditions on the function and its derivative. The function u{r) and 
its derivative must be periodic of period 2. Since u(r) is symmetric u(l) = it(— 1), but 
requiring that u'(l) = u'(—l) implies that u'(l) = 0. The latter condition leads to 



A 
2 

which determines the eigenvalue 



>9l-h 







A 







2^2 



2g% + 2n z n 



(6.18) 



(6.19) 



the solution A = has to be discarded because to it corresponds a constant function u(r) 
which is not compatible with the boundary condition ( |6.12 ). Moreover n has to be different 
from zero. In fact, if we take n to be zero, then A = 2g\. But this solution for A implies 
u{r) = as can be easily seen from equation ( 6.17 ). Since the eigenvalue depends only on 
g\ the same eigenvalue will be found for the solution v(r). Finally, the light-cone momenta 
for these two states are 



2p~ = 2 + ( 27r V + 2n 2 m 2 + 2gl) 
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Now, if we take m = \{n\ + 71-2) and n = \{n\ — 112) where n\ =t 712 are necessarily even, 
we get 

2d- - 2 + - q2ymN (n 2 + n 2 ) + g ™ M 
2P " 2+ 2 M l n i + n 2j+ 47r2A r 

We must still impose the boundary condition ( |6.12| ). To get v(r), we change the sign of 52 
in u(r). Then, we see that there are two possibilities for the integers m and n: either m is 
even and n is odd, or m is odd and n is even. In either case, this implies that both n\ and 
n,2 are odd integers. 

Let us review: Level matching, m + ri2 = 2-integer, requires that the world-sheet 
momenta n x and ri2 are either both even integers or both odd integers. When they are 
both even, the free string spectra are not corrected by string loops, at least to the leading 
order in world-sheet momenta. When they are both odd, they are corrected by string loops. 
One way to present the correction is to rename the constant which governs the world-sheet 
energy 

9ym N 



a 

Then we can write the above formula as 



M 



2p- = 2 + X -a (n? + n£) + -=& (6.20) 

This is an exact result for string states with two units of light-cone momentum, k = 2. As 
expected, the first two terms on the right-hand-side of ( |6.20 ) give the free string spectrum. 



What is surprising is that the interaction term truncates at second order in the closed 
string coupling. In principle, the eigenvalue could have been a complicated function of 
g2 = N/M = 4irg s /a and could have generated all orders in the string coupling. We do not 
presently have an understanding of why it should truncate at second order. This truncation 
is a definite prediction for string loop corrections which should be checked in string theory. 

7. Two impurities, k=3 

In this section we will consider the gauge theory operators with two insertion of $ fields 
that describe the string theory sector with DLCQ momentum k = 3. The basis of operators 
with two impurities is made of the following 9 operators 

Ofj, s jl Off, Ofj\ Off, Of} 2 , Of} 11 , OjO 1 , OjO 11 (7.1) 

where 

Of J = TR[A 1 A2---A i ^ i A i ---Aj- 1 ^jAj---A m (A 1 ---A m ) 2 ] , i<j 

Of} = TR[AxA 2 ■ ■ ■ A I _ 1 ^ I A I • • • A M A X ■ ■ ■ Aj.^jAj ■ ■ ■ A M A X ■ ■ ■ A M ) 

Of} 1 = TR[i!i 2 • • • • • • Aj.^jAj ■ ■ ■ A M A x • • • A^TRL^ • ■ • A M ] , I < J 

Of} 1 = TR[A 1 A 2 • • • Aj.^jAj ■ ■ ■ A M Ax ■ ■ ■ Aj.^jAj ■ ■ ■ A M ]TR[A X ■ ■ ■ A M ] , I<J 
Of} 2 = TR[AxA 2 • • • A/_i$M/ • • • Aj.^jAj ■ ■ ■ A M ]TR[(A X ■ ■ ■ A M f] , I<J 
Of} 11 = TR(AxA 2 ■ ■ ■ Aj^jAj ■ ■ ■ Aj^jAj ■ • • A M ) (TR[Ai • • • A M ]f , I<J 
OjO] = TR[AxA2 ■ ■ ■ Aj^ I A I ■ ■ ■ A M A X ■ ■ ■ A M ]TRL4iA 2 • • • Aj^jAj ■ ■ • A M ] 
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OjO 1 / = TR[AxA 2 ■ ■ ■ Aj^jAj ■ ■ ■ A M ]TR[A X A 2 ■ ■ ■ Aj-^jAj ■ ■ ■ Am]TK[Ai ■ ■ ■ A m ] 

(7.2) 

As explained in Appendix B, in the large M limit, the extension to all / and J of the 
functions Ou defined only for I < J, becomes a symmetric doubly periodic function. 
There are linear combinations of these states for which the action of (D — 3M — 2) reduces 
to that of the Laplacian. Two states of this type which are periodic of period 1 are 

uh = off + off + \ (o}o 2 + o 2 o)) 

u]j = \off + 0}Of (7.3) 
These state are periodic in that 

u \m+i = u \i > u 1m+i = u u (7-4) 

In the double scaling limit these operators that satisfy the boundary condition ([0|), have 
the spectrum 

2p- o „*( X) y) = (2 - 9 Am^V 2 )u\x, y) = (2 + ^^Mj 

To get a string state corresponding to 3 units of light-cone momentum, the solution to this 
equation has to be put into the form exp[2i7r(nix + n2y)/3] as in ( |2.38| ). As in the k = 2 case 
however, since these states must be periodic of period 1 both in x and y, n\ and n 2 must be 
multiples of 3. A then is given by A = 47r 2 (nf +n|)/9, providing an anomalous dimension for 
these operators A = g , y A// A r (n^+n|)/(18M). This is again an exact result, the string states 
corresponding to these operators are free, the one-loop anomalous dimension provides in 
fact the expansion to order g^M °^ ^ e free string spectrum. A does not get corrections 
beyond the planar level namely from string interactions. However, only string states created 
by oscillators with n\ and n 2 multiples of 3 behave as free string states. 

We are left with 7 independent states, which can be reorganized in a more convenient 
way by introducing the following combinations of double and triple trace operators 

Dfj = Of} 2 - OjOj - OjOj 

T}f = ~ 0}0f (7.5) 

These combinations are orthogonal to ( f7T3| ) and together with the operators Ofj, Off, 
Off, Of J 1 , Of 21 form a closed basis for (D — 3M — 2). Consider a general continuous 
symmetric linear combination of these states and call it uu 

uu = 9(J - I) [c x Ofj + c 2 s jj + c 3 Off + c 4 0fj 21 + c^Off + c 6 D}j + c 7 T}f] 

+ 9(1 - J) [c 2 0§ + dOfj + c 3 Of] + c^Off + csOfj 1 + c 6 D} 2 + c 7 T}f] (7.6) 

where we have introduced the Heaviside theta function defined as 

1 J > I 
9{J-I) = \ 1/2 J = 1 
J < I 
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Acting with [D — 3M — 2) on uu and taking the double scaling limit, one discovers that 
the system of equations closes after three iteration of the action of (D — 3M — 2), namely 



(D — 3M — 2) o u(x, Y) = !p£ (- V 2 u(x, y) - §e(x - y) (d x - d y ) w(x, y)) 
{D _ 3M _ 2) o w ( Xj y) = (- V ^w(x, y) - §e(x - y) (d x - d y ) v(x, y)) (7.7) 

k (D — 3M — 2) o v (x, y) = ^ (-V 2 v(x, y) - 9f e(x - y) (d x - d y ) w(x, y)) 

where w(x, y) and v(x, y) are written in terms of the coefficients of u(x, y) in Appendix C 
and the step function e(x — y) has to be periodically continued as in fl6.9|) . It is not difficult 
now to decouple this system of equations. There is in fact a solution to which correspond 
free string states. It is given by the solutions of the equations 

w(x,y)=v(x,y) = 0, (D - 3M - 2) o u(x, y) = -||f^V 2 u(x, y) (7.8) 

The first two equations in (|7.8| ) fix the values of the coefficients Cj to give for u(x, y) three 
independent solutions corresponding to three states periodic of period 1 both in x and y 

u 3 (x, y) = S3 (x, y) + S3 (y, x) + C3 (x, y) 

u\x, y) = 9(y - x)[0 S3 (y, x) + C3 (x, y) - V 11 ^, y)] 

+9{x - y)[0 S3 (x, y) + O c ' 3 (x, y) - V 11 (x, y)\ 

u 5 (x,y) = C2 \x,y) + S21 (x,y) - V 2 (*,y) (7.9) 

These states have the same free string spectrum of u 1 and u 2 . Since they also have the same 
periodicity one has to require the same condition on the oscillators generating these string 
states, namely that the levels to which they correspond {n\ and 112) must be multiples of 
3. 

We have still to find four states. Taking the linear combinations 

ip±(x,y) = 3w{x,y) ±v(x,y) (7.10) 
from (|7.7p, one gets the equations 



(D - 3M - 2) o ^ + (x, y) = ^ (-V 2 V+(x, y) - 3f e(x - y) (d x - d y ) ^ + (x, y)) 
{D — 3M — 2) o V_(x, y) = ^ (- W_(x, v) + 3^e(x - y) (d x - d y ) ^_(x, y)) 
{{D-3M- 2)u(x, y) = f™£ (- V 2 u(x, y) - ^(x - y) (d x - d y ) (^+ + V-)) 

(7-11) 

where the first two equations are decoupled. In Appendix C we show that in both ip± there 



are only two independent coefficients of the original 9 basis operators (7.1). Therefore ip± 
provide the remaining 4 states. As we will see in the next section these states correspond 
to operators that are periodic of period 6 and get computable corrections to all orders in 
the genus expansion. 
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7.1 Solution 



In this subsection we solve the equations ( 7.11 ) for ip±(x,y). To this purpose, it is conve- 
nient to introduce again the center of mass and relative coordinates ( |6.10| ). Let us focus 
on ip+(R,r). The variables separate and we can write 

ip+(R,r) = e 2iwmR 4> + (r) 

where m is an integer. The eigenvalues of the dilatation operator are 

9ym N 



D = 3M + 2 + 



(A + 2vr 2 m 2 ) 



8tt 2 M 

The eigenvalues A can be obtained by solving the equation 

d 2 - 3g 2 e(r)d r + ^\ V+(r) = 







(7.12) 



(7.13) 



where g 2 is defined in fl6.13j ). The states we are considering are in general periodic of period 
6 namely when r — * r+6 (corresponding to J —* J+6M) goes to itself (r+6) = ip+(r). 
The relative coordinate has a range — 1 < r < 1 but it can be periodically continued to the 
range —3 < r < 3 in order to realize the correct periodicity for the functions ip±(r). 

We divide the interval between r = —3 and r = 3 in six regions and we impose that 
the solution of the equation (7.13) matches at the boundary of each region. We also can 
consider only half of the total region, namely the region < r < 3, because the function 
tjj+{r) is symmetric for r — > —r. 

In the regions I, < r < 1, the solution of the equation ( [7.13 ) can be written as 



ip+(r) = a(cj.e UJ+r -uj + e w - r ) 



where u>± = \gi ± 



— ^. In the region II, 1 < r < 2, we write the solution as 



[92 



(7.14) 



(7.15) 



where rj ± = - \g 2 ± y %g$ 

a (ui-e 

so that, in the region II, we get 



-" 2 — -|. For r = 1 we have to require the continuity of the function 



b e V+ + ce ri- 



(7.16) 



oc 



V+(r-2) 



V^'i - 2A L 



?2 ~ 2X ~ 3<? 2 a; + 



+ 



ae 



V- (r-2) 



V^'i - 2A l 



Finally, in the region III, 2 < r < 3, we write 

i/>+(r) = de w + r + /e a 



(7.18) 



Requiring again the continuity of the function and of its derivative in r = 2, we have that 
in the region III, 



ae 



(9g 2 2 - 2A) 



9g 2 2 co. + 3g 2 \ (l - e -^~ 2X ) - 2\io.eV^- 2X 
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ae 



w_(r-2) 



(9gi - 2A) 



2A(j_i_e 



V9g 2 2 -2A 



(7.19) 



The function ip + (r), by construction, is periodic of period 6 and is symmetric for r — > —r. 
By requiring that ip'<(3) = ip' + (0) = 0, we get an exact transcendental equation for A 



Ae " 3( ^^ XV - (l - e^M^) ( 2 A(1 + e 2 v^F^) + e V^F^(2A - 27 5 2 )) = 

(7.20) 



The differential equation for i/>_ can be obtained from the one for ^+ by changing the sign 
of <?2- Moreover, the eigenvalue equation, as it should, depends only on g\. Consequently, 
one gets an identical transcendental relation for the eigenvalue A_ by solving the equation 
for if)—. 

The values of A that solve this equation are A = 0, A = 2-K 2 n 2 + \g\ or the solutions of 



/(^,A)=4Acosl M /95|-2A + 2A 



27 52 2 



(7.21) 



A = has to be discarded because to it corresponds a trivial constant solution. A = 
27r 2 n 2 + !<?| corresponds to states with period 2 in the variable r. These states cannot be 
realized with linear combinations of the form ip± which are necessarily periodic of period 
6. Thus if we require the periodicity allowed for the operators of the form ip± one has to 
consider only the solutions of ( f7.21|) . 

From (|7!2ll ) one could in principle compute the energy eigenvalues of the gauge theory 
to all orders in g\ and verify that they are in agreement with those obtained from the dual 
string energy spectrum. 

To obtain a genus expansion solution of the string spectrum one can write the eigen- 
value A as a Taylor series in powers of g\ around 52 = 



. . dX 
A — Ao + —o 
dg£ 



Ao,S2=0 



2 1 d 2 X 

92 + 2JMT 2 



Sf + 



1 d 3 X 



Ao,92=0 



3! {dglf 



9l + 



(7.22) 



Ao,32=0 



where Ao is the eigenvalue for 52 = 0. From ( |7.21| ) with g 2 = one finds that Ao = 27r 2 n 2 /9 
with n any integer different from zero which is not multiple of 3. 

The derivatives of A as a function of g\ can be obtained by taking the derivatives of 
the implicit function ( |7.21| ) and computing them at A = Ao and 52 = 0. In fact since 
/(<?§, A) =0 also its differential must vanish 



df , 2 df m 
dgj 92 + dX dX 



From this equation one finds 



dX 
dg\ 



df 



dX 



-1 



(7.23) 



(7.24) 



and from the last result we can compute all the coefficients of the equation ( [7.22 ) 
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To the sixth order in 52 the eigenvalue is 



2 2 1 
-vrn + 



9 (27rnsin 



2nn 



2vrnsin^ 



2187(sin^f ) J 



(6vrn sin if 



9 + 12 (sin 
33 cos ?f - 1 



9i 



52 



+ 



2vrn (2vrn sin - 3 - 6 cos ^) 
-2484vrn 



■j ... / 27m 47rn 
807rn J + 405 sm h sin 



+2irn 



243 + 4tt V)5 cos ^ + 27 



27rn 



47m 27rn 47m. 
+-/rn I 47rn + 167rn cos h 3(173 sin h 38 sin 



59049 (sin ^ 



8vr 3 n 3 (27m sin - 3 - 6 cos ) 



(7.25) 



where n is related to the world-sheet momenta of the string excitations by n = n\ — ri2- We 
remind here that n has to be different from zero and not a multiple of 3 otherwise Ao would 
not be a solution of the transcendental equation ( 7.21 ) for 52 = 0. If it was a multiple of 
3, n = 3/, first of all the solution ( 7.25| ) would collapse into the one previously analyzed 
A = 2-7T 2 / + which does not have the correct periodicity. Moreover, in this case, since 
n\ + ri2 = 3m by the level matching condition, both rt\ and 712 would be multiples of 3. For 
these string states however, we have already shown that the predictions of the gauge theory 
are that there are no string loop corrections to the free string spectrum. Summarizing, 
when the world-sheet momenta n\ and n-2 of the string excitations are both multiples of 
3, the gauge theory predicts a free string spectrum. When they are not multiples of 3, 
the anomalous dimension of the corresponding gauge theory operators gets corrections to 
all non planar orders. For example the spectrum of the two-oscillator state of the string, 
expanded up to genus three is given by 

2P" = 2 + (2vr 2 m 2 + A + +0(g!)) (7.26) 

To match the string spectrum in this case, here m = {n\ + ri2)/3 (this establishes the level 
matching condition) and A up to the sixth order in 52 is given in (^2|) with n = rii — ti2- 
The procedure can be iterated to obtain also higher order corrections to this spectrum. 



8. Summary and Conclusions 

In this paper we have studied non planar corrections to the spectrum of operators in the 
N = 2 supersymmetric Yang Mills theory which are dual to string states in the maximally 
supersymmetric pp-wave background with a compact light-cone direction. The existence 
of a discrete light-cone momentum simplifies the calculations of the anomalous dimension 
of gauge theory operators dual to string states. 

The gauge theory predictions in the double scaling limit of large TV" and long operators 
M — > 00, with Mr fixed, are: 
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String states with one oscillator and any value of the light cone momentum k are 
quasi-protected in that they have an anomalous dimension which does not have cor- 
rections beyond the planar level, their string spectrum is free. This is a correct 
prediction until k is of order N (or M), which is when operator mixing sets in. 

String states with one unit of light cone momentum and any number of oscillators 
are free states in that they do not get string loop corrections. 

For string states with two units of light cone momentum and two impurities there are 
two possibilities: states for which both the world-sheet momenta are integer multiples 
of k = 2, namely are even, have a free spectrum; states for which both the world-sheet 
momenta are odd get only the one string loop correction given in (6.20). The states 



with even-odd world-sheet momenta are excluded by level matching. 

String states with three units of light cone momentum and two impurities for which 
both the world-sheet momenta are integer multiples of k = 3, have a free spectrum. 
k = 3 states for which both the world-sheet momenta are not integer multiples of 
3 get computable corrections to all orders, as in d7!26| ), where A is a solution of the 



exact equation ( 7.21| ). Up to three loop in the effective genus counting parameter 



expansion, A is given in (fT.25|) . 

The AdS/CFT correspondence should be checked wherever possible. Recently it were 
found some discrepancies in the energy spectrum of BMN states with two string excitations, 
computed in the framework of light-cone string field theory , and that computed from 



the gauge theory 39, 4C]. Even if such discrepancies might be originated by the choice 
of the cubic vertex of IIB strings in a pp-wave background pj] , p2| , it would be extremely 
important to check these results also in other contexts. The DLCQ of the string greatly 
simplifies the setting where the duality is realized, therefore it might help in solving, one 
way or the other, for such discrepancies. The calculations presented in this paper are 
precisely for the case of two string excitations were the discrepancies were found in the 
usual pp-wave correspondence. 
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A. Anomalous dimensions 



In this Appendix, we will compute the divergent parts which appear in the one-loop correc- 
tions to the two-point function of composite operators made from products of scalar fields. 
These loop corrections arise from the Wick contractions of the operators in the interac- 
tion Lagrangian with the operators inside the composites. Here, we will assume that the 
interaction Lagrangian is quartic and has no derivatives. We will also assume that there 
are no derivatives in the composite operators. Finally, we assume that there are only two 
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contractions between the interaction Lagrangian and each composite operator. Then, the 
one-loop correction to the two-point function is 

- {O a {y)C F {x)O0)) = - {O a HOp) MM [A(y)]^- J d'x {V ^± [ I (A.l) 

where A(y) is the scalar propagator. The product A 2 (y — x) comes from the two con- 
tractions between the interaction and O a and A 2 (x) from contractions with Op. The 
combinatorics of how the contraction is done are summarized in the reduced matrix ele- 
ment (O a HOp) . We shall use dimensional regularization and work in 2u;-dimensions 
where the scalar propagator is 

A(x) = ^"-V 1 

The divergent one-loop correction has the form 
.4-20, A 2 (y-x)A 2 (x) 



J A 2 (y) 

4 _ 2cJ (T{u - 1)\ 2 T(4u, - 4) f 1 ^o^s,, .^.s f ^ [y 2 ] 2 ^ 2 



V 4vr- ; r 2 (2a,-2)./ J 

-JL f 1 

-2)7o 



[x 2 + y 2 a(l - q)] 4 ^" 4 

2 TV /I, , /•! TVQ, , /A L,2l2o;-2 



^fEtav^i i\, a ^ (1 _ ^^roa, -4) , 



4vr w / T 2 (2L<;-2)y v ; r(4w - 4) [y 2 a(l - a)] 3 ^- 4 

1 r 2 (cj-l)r(3w-4)r 2 (2-L,;) / 1 hi(/xV) 



[ M 2 y 2]o,-2 i 6vr ^r 2 (2w - 2) r(4-2w) V8tt 2 (2 -a;) ' 8vr 2 + '"J (A ' 2) 

where ^ is the renormalization scale. The first, divergent term in the final expression must 
be subtracted using a counterterm. The remaining logarithmic term shifts the exponent 
in the space-dependence of the two-point function and thus contributes to the anomalous 
dimension. The terms denoted by dots are finite and y-independent. 

To do the above integrals, we have used the Feynman parameter formula 

1 _ T{n l +n 2 ) 

A? A? ~ r(m)r(n 2 ) 

and the integral formulae 



f 1 daa'^il-a) 712 - 1 
Jo 



d 2 "x[x 2 + m 2 ]- s = 7r" r( * "\ m 2 ] u - 

T(s) 



L 



daa^il-a) 



lo r(^ + i/) 

The reduced matrix element is found by taking the most singular terms in the operator 
product expansion 

{o a Hdp) = D < z{o 1 d p ) 

where 

: O a {y) : : C F {x) := A 2 {x - y)D^O l3 {y) + less singular (A.3) 

To one-loop order, d£ is the dilatation operator. Its eigenvalues are the one-loop con- 
tribution to the conformal dimensions of operators and its eigen-vectors are the operators. 
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B. Contact terms in the planar limit 



In this Appendix we will consider the effect of contact terms which appear in the leading 
order, planar interactions. We will show that the contact terms do not vanish in the contin- 
uum limit. However, they can be taken into account the particular symmetric prescription 
for two-impurity operators which is used in this paper. 
Here, we consider the composite operator 

O u (x) = TR (Ai(x) . . . Aj_i(x)$j(x)Aj(x) . . . Aj. 1 {x)^j(x)A J (x) . . . A M {x)) 

Hereafter, we shall drop the coordinate dependence, as it should always be clear from the 
context that the composite operators in question are defined by products of fields at the 
same point. The Hamiltonian acts on this operator as 

H O u = 9y ^ N [Cj+ij + 0/-U - 20 u + IJ+ i + Ou-i - 20jj] (B.l) 

1 < I < J < M 

H O H = 9 ™™ N [Oj-u + Ojj+i - 20j j] , I = J (B.2) 
It is augmented by the boundary condition 

O/M+l = O u (B.3) 

This resembles the problem of two free particles moving on a latticized circle with a 
contact interaction. The contact term is important and does not vanish in the continuum 
limit, so must be treated with some care. 

We seek an eigenstate of the operator defined by flB.l| ),( |B~2] ) and ( |B.3| ). The operator 



in (B.l) is just the lattice Laplacian which has eigenstate 

^(p, I) = e ipI+iU + S(p, l)e m+ipJ (B.4) 

and eigenvalue 

E = e ip + e- ip -2 + e ie + e~ il - 2 (B.5) 

Here, we have noted that the eigenvalue problem is formally symmetric under inter- 
changing / and J, so the eigenvalues should carry a (perhaps projective) representation 
of the permutation group. This representation is characterized by the 2-body S-matrix, 
S(p,£), familiar from the Bethe Ansatz for spin chains. As we shall see shortly, S(p,£) is 
determined by the boundary condition flB.3|) and the contact term ( [B.2D in the Hamilto- 
nian. Requiring that the wave-function is an eigenstate of the contact interaction with the 
same eigenvalue leads to the Bethe equation: 

f e l ^~ + e % ^r- - 2^— + ie 1 ^- + e l ^r~ - 2e j S(p, i)e l(p l) = (B.6) 

To proceed, we need to impose the boundary condition (|B,3j ). It implies 

e i P i+U(M+i) + s(p,£)e m+ip( - M+r) = e ip+m + S(p,£)e u+ipI 
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which can be simplified to 

e np-w-i)+uM + S (p,£)e i P M = i + sfaiyb-w-v 

This equation must hold for any value of /. Simple algebra gives the two conditions 

S = e im , e iip+e)M = l^p + £ = 2nj/M (B.7) 



This latter quantization of p+i can also be seen as a result of invariance of ( |B.1| ) and (|B] 
under translating both variables (/, J) — > (J + M, J + M). 
The Bethe equation (|B,6|) becomes 



cos H _ e*V*j + (cos g - e-V) e^ 2 ^ = (B.8) 

This equation is easily solved in the large M limit, which is the case of most interest to us. 
The result is 

p + I _ irj p - I _ im ( 1 \ 

— ~M —-M +0 \W) (R9) 

where j and n are either both even or both odd integers. Their sum or difference are 
therefore always even and are equal to two times any integer. Thus, when M is large, 

(p,l) = ^(r,s)+o(J-) r,s£Z 

and 

S=l+O l ' 



Thus, we see that, in the large M limit, the extension of the function Ojj, which was 
defined only for / < J, to all I and J, is as a symmetric doubly periodic function. In this 
limit, the spectrum of the Hamiltonian is 



^(r 2 + , 2 ) (B.10) 



Note that this matches the string spectrum in the low energy limit, for the state which 
contains two oscillators, created from the sigma model vacuum by at and aj and which has 
one unit of light-cone momentum, k = 1. 

Now, we consider the operator where two impurities are inserted into k chains A\ . . . Am- 
It can have the form 

Ou = TR (Ax ... $j ... $j . . . A M (A X . . . Am)"- 1 ) (B.ll) 

or 

\k-k'-2 



Ou = TR (Ai ...$/.. . A M (Ax . . . AmY Al.-Qj... A M (A 1 . . . A M f- k ~ l ) (B.12) 

We can simply treat these as a function where I < J and both / and J run from 1 to 
kM. Then, the previous discussion of the case where k = 1 can be applied here with the 
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only difference that the integers (r, s) are replaced by the ratios (£, £). The spectrum of 
the Hamiltonian is given by 

This matches the noninteracting string spectrum when there are k units of light-cone 
momentum. However, all values of r and s are not allowed, but are restricted by a further 
condition. To see this, note that we have not yet taken into account that the operator Ojj 
is periodic under the shift (I, J) — > (I + M, J + M), this periodicity follows from cyclicity 
of the trace. We see that the wavefunction transforms as 

ipi+uj+M = ^ije 2m d + ^ 

In order for the wave-functions to have the correct periodicity, it is necessary that § + § 
is an integer. For this to be the case, r and s must satisfy the further condition r + s = km 
where m is an integer. It is this integer, m, which is identified with the wrapping number 
in string theory and the condition that r + s = km then coincides with the level-matching 
condition, which poses the same restriction on string theory states. 

The eigenstates of the Hamiltonian are to be used as follows. First, it is straightforward 
to show that the contact term in the Hamiltonian is precisely what is needed to make the 
Hamiltonian Hermitian. It does this by cancelling boundary effects in summations by parts 
in the inner product, so that 

< H Q 1p2 > = < H ^l\ip 2 > 

where 

kM 

I<J=1 

The operator Ou can be written as a superposition of eigenstates as 



E 

and 



2 



C. The k = 3 wavefunctions w(x,y), v(x,y) and i)j±(x,y) 

In this appendix we first provide the explicit form of the k = 3 states w(x,y) and v(x,y) 
that are gotten by the repeated action of the operator {D — 3M — 2) on the general linear 



combination u(x, y), (|7.6|) , of the 9 basis states (l7.l|) . The action of (D — 3M — 2) on u, w 
and v is given in (|7.7|). 



w(x, y) = 6{y - x) [(c 5 - c 4 )0 S3 (x, y) - (c 5 + 4c e )0 S3 {y, x) + (c 4 + 4c 6 )/ C3 (x, y) 

-(ci - c 3 - 3c 7 )f C21 (x,y) + (ci - c 2 - 3c 7 )0 S21 (x,y) + (c 3 - c 2 )D 12 { Xl y) 
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+ (c4-c 5 )T lu (x,y)] 
+ e(x-y) [-( C 5 + 4 C6 )0 53 (x,y) + ( C5 -C4)0 53 (y,x) 

+(c 4 + 4c 6 )/ C3 (x,y) - (ci - c 3 - 3c 7 )f C21 {x,y) + (c x - c 2 - 3c 7 )0 S21 (x, y) 
+(c 3 - c 2 )D 12 (x,y) + (c 4 - c 5 )T m (x,y)] (C.l) 



y) = 9(y - x) [(2ci - c 3 - c 2 - 6c 7 )0 S3 (x, y) + (5c 2 + 3c 7 - a - 4c 3 )0 S3 (y, x) 
+ (5c 3 - 4c 2 - ci + 3c 7 )/ C3 (x,y) + (5c 4 - 4c 5 + 4c 6 )/ C21 (x, y) 
+ (5c 5 - 4c 4 + 4c 6 )0 521 (x,y) + (c 4 + c 5 + 8c G )D 12 {x, y) 
+ (c 2 + c 3 + 6c 7 -2ci)r 111 (x,y)] 
+ 9(x - y) [(5c 2 + 3c 7 -c x - 4c 3 )0 53 (x, y) + (2ci - c 2 - c 3 - 6c 7 )0 S3 (y, x) 
+ (5c 3 - 4c 2 - ci + 3c 7 )/ C3 (x, y) + (5c 4 - 4c 5 + 4c 6 )/ C21 (x, y) 
+ (5c 5 - 4c 4 + Ac 6 )0 S21 {x,y) + (c 4 + c 5 + 8c 6 )D 12 (x, y) 
+ (c 2 + c 3 + 6c 7 -2 Cl )T m (x,y)] (C.2) 

The states ip±(x,y) that diagonalize the operator (D — 3M — 2) and that, consequently, 
have a well defined anomalous dimension, in terms of the original coefficients of u(x,y), 
Q7.6| ), are given by 

Tp+(x, y) = 8(y - x) [(2ci - c 2 - c 3 - 3c 4 + 3c 5 - 6c 7 )0 S3 (x, y) 
+(-ci + 5c 2 - 4c 3 - 3c 5 - 12c 6 + 3c 7 )0 53 (y, x) 
+(- Cl - 4c 2 + 5c 3 + 3c 4 + 12c 6 + 3c 7 )/ C3 (x, y) 
+(-3ci + 3c 3 + 5c 4 - 4c 5 + 4c 6 + 9c 7 )/ C21 (x, y) 
+(3ci - 3c 2 - 4c 4 + 5c 5 + 4c 6 - 9c 7 )0 S21 (x, y) 
+(-3c 2 + 3c 3 + c 4 + c 5 + 8c 6 )D 12 (x, y) 
+(-2ci + c 2 + c 3 + 3c 4 - 3c 5 + 6c 7 )r lu (x, y)] 
+ fl(x - y) [(-ci + 5c 2 - 4c 3 - 3c 5 - 12c 6 + 3c 7 )(9 S3 (x, y) 
+(2ci - c 2 - c 3 - 3c 4 + 3c 5 - 6c 7 )0 53 (y, x) 
+(-ci - 4c 2 + 5c 3 + 3c 4 + 12c 6 + 3c 7 )f C3 (x, y) 
+(-3ci + 3c 3 + 5c 4 - 4c 5 + Acq + 9c 7 )/ C21 (x, y) 
+(3ci - 3c 2 - 4c 4 + 5c 5 + 4c 6 - 9c 7 )0' S21 (x, y) 
+(-3c 2 + 3c 3 + c 4 + c 5 + 8c 6 )D 12 (x, y) 

+(-2ci + c 2 + c 3 + 3c 4 - 3c 5 + 6c 7 )T in (x, y)] (C.3) 



i/>-{x,y) = 6{y-x) [(-2ci + c 2 + c 3 - 3c 4 + 3c 5 + 6c 7 )0 S3 (x, y) 
+(ci - 5c 2 + 4c 3 - 3c 5 - 12c 6 - 3c 7 )0 53 (y,x) 
+(ci + 4c 2 - 5c 3 + 3c 4 + 12c 6 - 3c 7 )/ C3 (x, y) 
+(-3ci + 3c 3 - 5c 4 + 4c 5 - 4c 6 + 9c 7 )/ C21 (x, y) 
+(3ci - 3c 2 + 4c 4 - 5c 5 - 4c 6 - 9c 7 )0 521 (x, y) 
+ (-3c 2 + 3c 3 - c 4 - c 5 - 8c 6 )£> 12 (x, y) 
+(2ci - c 2 - c 3 + 3c 4 - 3c 5 - 6c 7 )T lu (x,y)] 
+ 9(x - y) [(ci - 5c 2 + 4c 3 - 3c 5 - 12c 6 - 3c 7 )0 S3 (x, y) 
+(-2ci + c 2 + c 3 - 3c 4 + 3c 5 + 6c 7 )0 53 (y, x) 
+(ci + 4c 2 - 5c 3 + 3c 4 + 12c 6 - 3c 7 )/ C3 (x, y) 
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+(-3ci + 3c 3 - 5c 4 + 4c 5 - 4c 6 + 9c 7 )f C21 {x,y) 
+(3ci - 3c 2 + 4c 4 - 5c 5 - 4c 6 - 9c 7 )0 521 (x, y) 
+ (-3c 2 + 3c 3 - c 4 - c 5 - 8c 6 )D 12 (x, y) 
+(2ci -c 2 -c 3 + 3c 4 - 3c 5 - 6c 7 )T in {x,y)] 



(C.4) 



Denoting by ^ i = 1, . . . , 7 the coefficients of the 7 operators in ip±(x, y), it is easy to find 
5 independent relations between these coefficients both in ip + (x,y) and in ip-(x,y). For 
y > x one has 



for y < x it is sufficient to exchange 1 <-> 2 in the above. Therefore the number of 
independent states of this form is 4. These are the states with period 6 that should have 
corrections to all orders in the string loop expansion, whereas the other 5 states needed to 
complete the Hamiltonian eigenfunctions in the k = 3 case, u l (x, y) i = 1, . . . , 5, are given 
in the text and do not have corrections beyond the planar level. 
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